Abstract. We prove that if a quasi-isometry of warped cones is induced by a map between the base spaces of the cones, the actions must be conjugate by this map. The converse is false in general, conjugacy of actions is not sufficient for quasi-isometry of the respective warped cones. For a general quasi-isometry of warped cones, using the asymptotically faithful covering constructed in a previous work with Jianchao Wu, we deduce that the two groups are quasiisometric after taking Cartesian products with suitable powers of the integers.
Introduction
Finitely generated groups provide interesting examples of metric spaces to study by geometers. In particular, the first explicit construction of expanders, due to Margulis, is done by taking a family of finite quotients of a group with relative property (T). This approach was formalised by J. Roe [23] , who called such a family of finite quotients a box space. One of the main ideas of geometric group theory is to study groups via their actions. For a group action on a compact space, Roe introduced another construction called a warped cone [24] . In fact, the latter construction generalises the former [27] .
For box spaces, one can use the ambient group to prove some properties of the box space and vice versa. In particular, amenability of the group is equivalent to property A of its box space [23] and the Haagerup property of the group is equivalent to admitting a fibred coarse embedding into a Hilbert space by the box space [7, 8, 23] . Furthermore, every quasi-isometry of box spaces lifts to a quasiisometry of groups [14] .
Since a warped cone O Γ Y comes from an action Γ Y of a group, the group itself is not the appropriate (sufficient) object to be compared with a warped cone (as opposed to the above case of box spaces). An appropriate space was constructed recently by Jianchao Wu and the author [30] . Its usefulness comes from the fact that there is an asymptotically faithful (see Definition 2.3) quotient map from it to the warped cone, just like the sequence of quotient maps from the group onto the box space is asymptotically faithful.
Results. Motivated by asymptotically faithful maps we introduce piecewise versions of known properties of metric spaces (like hyperbolicity, asymptotic dimension, property A, or coarse embeddability into Banach spaces). On the theoretical side, it enables us to characterise certain properties of groups by piecewise versions of these properties for box spaces (Corollary 6.9) or warped cones (Proposition 7.4). The above-mentioned characterisations from [7, 8, 23] concerned "equivariant" properties of groups, that is, taking into account their group structure, while our characterisations concern metric properties. For brevity, we omit some assumptions in formulations of theorems below. They are all valid for warped cones over isometric free actions on nice spaces, including manifolds and ultrametric spaces (e.g. profinite completions metrised as in [27] ).
Theorem A. Let P be one of the following properties: "property A", "asymptotic dimension at most k" or "admitting a coarse embedding into E", where k ∈ N and E is a Banach space. The following are equivalent:
• a group Γ has property P , • a box space (Γ/Γ i ) i satisfies property P piecewise,
• a warped cone (tY, d Γ ) t satisfies property P piecewise.
On the quantitative side, we calculate the asymptotic dimension of a warped cone over the action Γ Y , using the asymptotic dimension of Γ and the topological dimension of Y (Theorem 7.1). Consequently, we have the following dynamical result (Corollary 8.5) about equivariant asymptotic dimension (also known as amenability dimension), which builds on and strengthens the estimates by Szabo, Wu, and Zacharias [32] and by Bartels [3] . This was a problem raised by Willett.
Theorem C. If Γ is a virtually nilpotent group and Y is a compact metrisable space, then eq-asdim(Γ Y ) ≤ asdim Γ + dim Y .
The result that quasi-isometry of box spaces implies quasi-isometry of groups [14] was recently strengthened to the fact that it implies commensurability of groups [10] . It leads to the following question.
Question D. Does a quasi-isometry O Γ Y ≃ O ∆ X imply isomorphism / commensurability / quasi-isometry of Γ and ∆?
In Appendix A, we give a negative answer to this question. For instance, there exist free actions Z 3 T 1 and Z 2 T 2 yielding quasi-isometric warped cones (after passing to a subsequence). In fact, there exist (continuum many) free actions of Z d for any d ∈ N yielding warped cones quasi-isometric to ones over trivial actions. We also construct actions of the infinite dihedral group yielding warped cones quasiisometric to the collection of spheres over all positive radii.
Nonetheless, quasi-isometry of warped cones implies the following "stable" quasiisometry (Theorem 3.1), which was very recently obtained independently by de Laat and Vigolo [16] :
m ≃ ∆ × Z n for manifolds M, N of dimension m and n respectively.
Since the study of warped cones is the study of group actions, one can ask about the case when a quasi isometry O Γ Y ≃ O ∆ X is induced by a map f : Y → X. We have the following result (Theorem 4.1), which yields a very strong positive answer to Question D. In Section 4 we also study more general cases, when f is not required to be a homeomorphism and spaces Y and X are not connected.
However, we offer an example showing that a topological conjugacy of actions is not sufficient for quasi-isometry of warped cones (Theorem 5.3). 
Definitions
Throughout this note, Γ will be a discrete finitely generated group and S will be a finite symmetric generating set for Γ.
Definition 2.1 (J. Roe [24] ). Let (Y, d) be a compact metric space with an action of Γ = S . The warped cone is the collection of metric spaces O Γ Y = ({t} × Y ) t>0 (denoted (tY ) t>0 for brevity), where each set tY is equipped with the largest metric d Γ such that:
d Γ (tx, ty) ≤ d(tx, ty) and d Γ (ty, s(ty)) ≤ 1 for any s ∈ S, where d(tx, ty) = td(x, y).
The family (tY, d) t>0 will also sometimes be used. It is called the open cone (or the infinite cone) and denoted by OY .
Note that the original definition [24] gives a metric on the unified warped cone O u Γ Y = (0, ∞) × Y = t>0 tY . However, some properties make sense only for a family of levels tY , rather than the metric space O u Γ Y build from them [29, 34] . Some results in this paper can be formulated and proved for the unified warped cone as well. However, for example in Theorem E, the result would be slightly weaker: instead of the quasi-isometry
Definition 2.2. Let X and Y be two families of metric spaces.
• They are quasi-isometric if there exists an index set I with surjective maps I ∋ i → X i ∈ X and I ∋ i → Y i ∈ Y and a family of functions f i : X i → Y i which are quasi-isometries in a uniform way. That is, there exists constants C ≥ 1 and A ≥ 0 not depending on i such that for every i ∈ I and every x, x ′ ∈ X i we have
• Similarly, X embeds coarsely into Y if there exists an index set I with a surjective map I ∋ i → X i ∈ X and any map I ∋ i → Y i ∈ Y and a family of functions f i : X i → Y i that are coarse embeddings in a uniform way. That is, there exist two non-decreasing and converging to infinity functions ρ − , ρ + : [0, ∞) → [0, ∞) such that for every i ∈ I and x, x ′ ∈ X i we have
• For brevity, we will call such families of maps f = (f i ) respectively a quasiisometry or a coarse embedding and write f : X → Y.
We will use the wording "(C, A)-quasi-isometry" to specify constants. As we emphasised in Section 1, in addition to coarse embeddings and quasiisometries, we will make heavy use of maps that are asymptotically faithful. Definition 2.3 (Willett-Yu [35] ). Let (I, ≤) be a linearly ordered set and let (f i : X i → Y i ) i∈I be a family of surjective maps. It is called asymptotically faithful if for every R ∈ N there exists j ∈ I such that for every i ≥ j and every x ∈ X i the restriction f i : B(x, R) → B(f i (x), R) is an isometry. Then, we call f i an R-local isometry.
Practically, we will only use I = N or I = (0, ∞) with their standard orders. The respective definition for a single surjective map f : X → Y would say that for every R there is a bounded set B ⊆ Y such that we have the above isometric condition for x / ∈ f −1 (B).
Examples. One family of examples of spaces with interesting asymptotically faithful coverings appearing in the literature are box spaces (Γ/Γ i ) i , where f i is the quotient map Γ → Γ/Γ i . Here, Γ is a finitely generated residually finite group and Γ i are its finite index normal subgroups such that Γ i ⊇ Γ i+1 and i Γ i = {e}. Typically, one defines a box space as a coarse disjoint sum ( Γ/Γ i , d), where d restricted to every "component" Γ/Γ i is equal to the quotient metric on Γ/Γ i and d(Γ/Γ j , i =j Γ/Γ i ) → ∞ as j → ∞ (all such metrics are coarsely equivalent). With this definition, we can say that the quotient map f :
However, there is no canonical way to define distances between different components of a box space, so it makes no sense to talk canonically about quasi-isometries of box spaces. This is one of the reasons why the author prefers to define a box space as a sequence. Another reason is that for a box space i Γ/Γ i the double box space i Γ/Γ ⌈i/2⌉ is not coarsely equivalent to it (at least when the original box space does not have repetitions itself). In fact, one can obtain continuum many non-equivalent box spaces in this rather trivial way. This is no longer true for our definitions, the double box space {Γ/Γ i } i ⊔{Γ/Γ i } i is quasi-isometric to the original box space {Γ/Γ i } i .
Another family of examples is given by sequences of graphs (G i ) with increasing girth (that is, length of the shortest simple loop) and maps f i : G i → G i , where G i is the universal cover of G i and f i is the covering map. Note that G i is a tree, and all G i are isometric if vertices of graphs G i have a fixed degree (independent from i and a particular vertex).
Any box space of a free group (with the graph structure coming from its standard generators) fits in both categories.
A new class of examples was found in [30, Lemmas 3.6 and 3.8], where it was proved that a suitably metrised product Γ × tY provides an asymptotically faithful covering for a warped cone via the map (γ, ty) → γ(ty) if and only if the continuous action Γ Y is free. 
Then, (tY, d Γ ) is the quotient space of Γ × tY under the quotient map π(γ, ty) = γ(ty). Moreover, the family of quotient maps (π :
is asymptotically faithful if and only if the action Γ Y if free.
We will also often need the following results. Then the following inequality holds for all y, y ′ ∈ Y :
In particular, when the action is isometric, then D = d.
In the latter case, d(ty, ty ′ ) equals the limit for sufficiently large t.
Quasi-isometry of cones implies stable quasi-isometry of groups
Recall that by an observation of Khukhro and Vallette [14] , quasi-isometric box spaces must come from quasi-isometric groups. For finitely presented groups, this was recently strengthened by Delabie and Khukhro [10] -if two box spaces are quasi-isometric, the ambient groups must share a finite index normal subgroup. In fact, roughly speaking, from the geometry of the box space Γ/Γ i one can recover the normal subgroups Γ i , which shows that box spaces are very rigid.
In Appendix A, we show that this is no longer true for warped cones -there exist quasi-isometric warped cones over actions of non-quasi-isometric groups (moreover, on non-homeomorphic spaces). Nonetheless, we have the following result yielding "stable" quasi-isometries.
Theorem 3.1. Let Γ, ∆ be two finitely generated groups and M, N be two compact Riemannian manifolds of dimension m and n respectively with free isometric actions Γ M and ∆ N . Then, quasi isometry of warped cones
Proof. Take a sequence (t i ) ⊆ (0, ∞) going to infinity and let (τ i ) be another sequence such that (f i :
Since the diameter of (t i M, d Γ ) goes to infinity, the diameter of (τ i N, d ∆ ) also goes to infinity and hence the sequence (τ i ) goes to infinity. Let R ∈ N and let i = i(R) be sufficiently large (to be specified later). Let Γ × t i M be equipped with the following product metric:
and similarly for ∆ × τ i N . Note that the ball of radius R in d 1 about (γ, t i x) (and similarly for (δ, τ i y)) is contained in the product
where we identified t i M and M . For t i sufficiently large the following map π Γ :
when restricted to the above product, is an isometry by Theorem 2.4. Now, since map f i is a (C, A)-quasi-isometry, the image of any ball B(t i x, ρ) in (t i M, d Γ ) under f i is contained in the ball B(f (t i x), Cρ + A) and moreover A-neighbourhood of this image contains B(f (t i x), ρ/C − 2A). By increasing i if necessary, we can assume that the map π ∆ : (δ, τ i y) → δ(τ i y) is an isometry on B((e, f (t i x)), CR + A). Hence, we can consider a local inverse σ ∆ of π ∆ and obtain a map
which is a (C, A)-quasi-isometric embedding such that for any ρ ≤ R the Aneighbourhood of the image of the ball B((e, t i x), ρ) contains B((e, f (t i x)), ρ/C − 2A).
Let r > 0 be a positive number such that the exponential maps exp x : T x M ⊇ B(0, r) → B(x, r) and exp y : T y N ⊇ B(0, r) → B(y, r) are homeomorphisms and that all exp x , exp y and their inverses are L-Lipschitz maps with L not depending on x ∈ M and y ∈ N . We can also assume that these maps preserve spheres, that is, d(0, z) = d(exp * (0), exp * (z)) for any z ∈ B(0, r) and * ∈ M ⊔ N .
For i sufficiently large, we can assume that r > R/t i and r > (CR + A)/τ i . Consider the composition: 
First, observe that for a given (γ, z) the value k i (γ, z) is defined for sufficiently large i, so the limit makes sense. Furthermore, since k i (e, 0) = (e, 0) for all i and all k i are (C ′ , A ′ )-quasi-isometric embeddings, we know that k i (γ, z) always belongs to the finite set B((e, 0), C ′ d((γ, z), (e, 0)) + A ′ ), and hence the limit exists. Obviously, it is still a (C ′ , A ′ )-quasi-isometric embedding. Furthermore, since A ′ -neighbourhood of k i (B((e, 0), ρ)) contains B((e, 0), ρ/C − 2A), the same holds for k. Since ρ is arbitrary, map k is a quasi-isometry.
Remark 3.2. Note that we do not use in the proof that the whole warped cones are quasi-isometric. It suffices that there is an unbounded sequence
Remark 3.3. Similarly, one can prove that if a box space (Γ/Γ i ) i is quasi-isometric to (a subsequence of ) a warped cone (τ i N, d ∆ ) i for an action ∆ N as in Theorem 3.1, then Γ ≃ ∆ × Z n . In this case, a box space of a group Γ cannot be quasi-isometric to a warped cone over its action, unless Γ ≃ Γ × Z n . However, this is restricted to actions on manifolds, because the author showed in [27] that any box space (Γ/Γ i ) i may be realised as a sequence of levels (
By similar arguments, one obtains the following. 
Quasi-isometry induced by one map
The lack of rigidity exhibited in the Appendix A and in the formulation of Theorem 3.1 and Corollary 3.4 comes from the fact that a quasi-isometry of warped cones need not respect the equivalence relation induced by the action (it may ignore the division into the Γ-and ∆-coordinate and the M -and N -coordinate (or Z mand Z n -coordinate), that one has in Γ × t i M and ∆ × τ i N (or Γ × Z m and ∆ × Z n ). However, if it is induced by a single continuous map M → N , we have the following rigidity behaviour. 
if Γy ′ = Γy. By the assumption, for every t > 0 there is τ (t) such that
We conclude that
if and only if lim t d Γ (ty, ty ′ ) < ∞ and hence f preserves orbits, that is,
and also
meaning that f is injective as a map Y /Γ → X/∆. Fix y ∈ Y . We will prove that δ(Γ, y) is coarsely dense in ∆. Take x = f (y), any δ ∈ ∆, and put x ′ = δx. By the assumption, for every n ∈ N there is x n ∈ im(f )
By compactness, a subsequence of x n has a limit x 0 ∈ im(f ) which satisfies
In particular x ′ = δ 0 x 0 for some |δ 0 | ≤ A. This means that x and x 0 lie in the same ∆-orbit, and hence, by (3), there is some γ ∈ Γ such that δ(γ, y)x = x 0 and consequently
Assume now that Γ Y has a free orbit and let y 0 ∈ Y be an element of such an orbit. Then, formula (1) simplifies to lim t d Γ (ty 0 , γty 0 ) = |γ|, which, together with (2) yields
Now, since the ∆-action is free, for every γ ∈ Γ and y ∈ Y there is a unique δ(γ, y) such that f (γy) = δf (y). We will show that this function is continuous. Due to (1) and (2), we know that
is a function Y → B(e, C|γ|+ A) into a finite set. To confirm its continuity, it suffices to observe that the inverse image of a point is always closed. Now recall that we assumed that Y is connected. A continuous function δ(γ, ·) from a connected space to a discrete space must be constant. Note that by definition δ is a cocycle, that is, it satisfies:
but as there is no dependence on y, it simply means that δ(γ) . . = δ(γ, y) is a homomorphism. In particular (5) means that the kernel F of δ is finite, as contained in the ball B(e, CA). Similarly, (4) (where |δ 0 | ≤ A) is equivalent to saying that the subgroup δ(Γ) is of finite index in ∆.
Note that δ(γ, y) = e if and only if f (γy) = f (y), but, since δ does not depend on the second coordinate, we have γ ∈ F = ker δ if and only if f (γy) = f (y) for some (equivalently: all) y. Hence, f is well-defined as a map Y /F → im f . For the same reason, f restricted to any Γ-orbit in Y /F is injective. In fact, it is injective on Y /F . Indeed, assume that f (y) = f (y ′ ) for some y, y ′ with Γy = Γy
. But then δ(γ) = δ ′ , which shows that all δ ′ stabilising im(f ) are in the image of δ. The converse inclusion is obvious. The above reasoning also shows
By compactness of ∆ im(f ), if there exists x ∈ X \∆ im(f ), then a similar reasoning to the one in the proof of Lemma 2.6 shows that lim τ →∞ d Γ (τ x, τ ∆ im(f )) = ∞, which would contradict the fact that A-neighbourhood of im(f ) is the whole τ (t)Y . Hence X = ∆ im(f ).
The proof is finished in the case when f is continuous. If it is additionally a homeomorphism, then F must be trivial, as f factors through Y /F . By surjectivity of f , (3) and the freeness of the action of ∆, δ(·, y) must be surjective. Hence δ is an isomorphism.
Remark 4.2. Recall that two actions Γ Y and ∆ X are orbit equivalent if there is an "isomorphism" Y → X satisfying (3). Typically, one considers probability measure preserving actions, Borel isomorphisms and (3) is required up to measure 0 [33] . See also Remark 4.6. Remark 4.3. In Theorem 3.1, if f is assumed to be injective, then, instead of a free Γ-orbit, it suffices to assume faithfulness of Γ Y .
Proof. Note that the only place in the proof of Theorem 3.1 where we used a free orbit of Γ is (5), which was later used to conclude that δ has a finite kernel. However, if f is injective, we can conclude that already from the faithfulness of Γ Y . Indeed, for every γ = e, there is some y γ ∈ Y with γy γ = y γ and, consequently, f (γy γ ) = f (y γ ). In particular δ(γ) = δ(γ, y γ ) = e, so δ is a monomorphism.
By a similar argument, one can obtain: Without the connectedness assumption, one obtains a cocycle instead of a homomorphism.
Corollary 4.5. If both actions are free and a homeomorphism f : Y → X induces a quasi-isometry of the respective warped cones, one gets a continuous cocycle δ : Γ × Y → ∆ (which is bijective as a function Γ → ∆ for a fixed y ∈ Y ) satisfying
for some constants C ≥ 1 and A ≥ 0. In particular Γ and ∆ are bijectively quasiisometric.
If f is only injective or surjective, we get the appropriate properties of the cocycle and the quasi-isometry.
Proof. The inequality (7) is just a combination of (6) and (5) (now (5) holds for any y as all orbits are free).
Note that the map δ y = δ(·, y) : Γ → ∆ is injective by freeness of the Γ-action and injectivity of f and it is surjective by (3), surjectivity of f and freeness of the ∆-action. If we do not assume surjectivity of f , then still some A-neighbourhood of δ y (Γ) is the whole ∆ by the same argument as in the proof of Theorem 3.1.
Moreover, δ y is a quasi-isometric embedding. Indeed,
Remark 4.6. In some cases one can deduce conjugacy of actions from the continuous orbit equivalence (established by Corollary 4.5), that is, from the existence of an orbit preserving homeomorphism f as above and continuity of the cocycle δ and the "opposite" cocycle γ : ∆ × X → Γ, but in general this is a weaker condition than conjugacy [17] .
The continuity of f leads to continuity of δ and, if Y is connected, to a homomorphism. However, if f is not continuous, we still get the following. Remark 4.8. Assume that Y, X admit invariant ergodic measures, the actions are free up to measure 0, and f , inducing a quasi-isometry O Γ Y ≃ O ∆ X, is a measure space isomorphism (sometimes it suffices to assume that on subsets of Y and X of positive measure). In this case δ is a measurable map (and the actions are orbit equivalent by Remark 4.2) and we can use various "orbit equivalence (super)rigidity theorems" to conclude that the respective actions are conjugate by f (in particular, that Γ and ∆ are isomorphic).
For example, the following was obtained in [22] . Theorem 4.9 (Popa) . Let Γ (Y, µ) be a Bernoulli action of a w-rigid group with no finite normal subgroups. Assume that there is a free ergodic action Λ (X, ν) and an orbit-preserving measure space isomorphism f : Y → X. Then Λ is isomorphic to Γ and f establishes a conjugacy of actions.
is some non-atomic probability space and (X 0 , µ 0 ) Γ is equipped with the product measure; w-rigidity means that Γ admits an infinite normal subgroup Γ ′ such that (Γ, Γ ′ ) has relative property (T). Freeness, orbit-preserving, as well as conjugacy should be understood up to measure zero, and in fact f may be assumed to be a map from a subset of X of positive measure. See the original paper [22] or a survey [33] for details and more general statements, as well as references to other results of this kind.
The following is a version of Corollaries 4.5 and 4.7 for coarse embeddings. 
for some non-decreasing functions ρ ± : [0, ∞) → [0, ∞) going to infinity. In particular, Γ embeds coarsely into ∆.
Example 4.11. Below, we present some examples of quasi-isometric warped cones over non-conjugate actions.
(1) It is not difficult to observe that for an isometric action of a finite group
This shows that it is reasonable to consider continuous maps and not only homeomorphisms in the results in this section and that group F is necessary in the statement of Theorem 4.1.
(2) The above example can be easily generalised. Assume that there is a finite subgroup F ⊳ Γ whose action F Y is isometric. Then the quotient map
In the above examples ∆ is a quotient of Γ (that is, ∆ = ∆ ′ ) and f is surjective. The simplest example showing that that does not need be the case is when Γ and ∆ are finite groups acting on themselves by left multiplication. All warped cones over such actions are quasi-isometric to the one for Γ = {1} and the quasi-isometry is induced by the inclusion Γ < ∆.
Note that by the last bullet point in Theorem 4.1, if we want ∆ ′ to be a proper subgroup of ∆, Y is connected, and ∆ X is free, then the space X must be disconnected. 
Proof. For item (1) , note that by Lemma 2.5, we have
and the quotient metric, by definition, equals
The same estimates hold for item (2) , that is, the quotient map is a quasiisometry with constants C = 1 and A = diam F . Indeed, the quotient map 
(see [24, Proposition 1.6] 
Consequently, by applying the definition of warped metric and the triangle inequality to sequence y 0 , y 1 , (3) and (4) follow from item (1).
Dependence on metric
We already know that quasi-isometry of warped cones does not imply quasiisometry of groups or a homeomorphism of the spaces acted upon, but if the the quasi-isometry is induced by a continuous map f , then the groups must be virtually isomorphic and the virtual isomorphism commutes with f (Theorem 4.1). One can ask whether the converse holds. This also turns out to be false, in the strongest possible sense. The above proposition is quite trivial, the way that it is stated -one can consider the trivial action on some Y with some natural metric d ′ and find a sufficiently "wild" metric d.
What we will actually prove is that there is a subgroup action Γ
′ such that 
′ ), so they cannot be quasi-isometric. Moreover, the action is profinite, minimal, free and admits an ergodic invariant probability measure (it is an action of a dense subgroup on an ambient compact group).
Our construction relies on the examples of box spaces obtained recently by Delabie and Khukhro [9] . They constructed a sequence of normal subgroups in the free group
· · · with trivial intersection such that the box space associated to sequence M i does not embed coarsely into the Hilbert space and the box space associated to N i does.
To a chain of quotients G i = Γ/Γ i as in the definition of a box space (Subsection Examples in Section 2), one can also associate a compact group Γ((Γ i )) = lim ← − G i , called a profinite completion or the boundary of the coset tree. As Γ maps into each G i , it maps into the inverse limit, and this map is an injection onto a dense subgroup. In particular, Γ acts on Γ((Γ i )) by left translations. The inverse limit can be realised as a subset of i G i
(where q : Γ/Γ i → Γ/Γ i−1 is the quotient map) and hence it inherits the ℓ ∞ -product metric d((g i ), (h i )) = a j , where j is the first index with g j = h j and the sequence a j > 0 converges monotonically to 0.
The author showed in [27] that the box space and the completion as above are tightly related. If one constructs the warped cone over Γ((Γ i )) then it has property A if and only if the box space (G i ) i does. Moreover, if the rate of convergence of a j is large enough, then the warped cone embeds coarsely into the Hilbert space if and only if the box space does. Furthermore, the box space embeds quasi-isometrically into the warped cone. However, it was not clear how important the choice of metric is to these results. Theorem 5.3 shows that it is indeed crucial.
Note 
, this is conditional on a suitable choice of metric on Γ((Γ i )) and the coarse geometry of O Γ Γ((Γ i )) depends on this choice, in particular it is not always the same as the geometry of the box space (Γ/Γ i ).
Definition 5.5. For a subset U of some metric space and R > 0, an R-component of U is a class of the equivalence relation on U spanned by identifying points at distance smaller than R.
For d ∈ N, a metric space X has asymptotic dimension at most d, denoted asdim X ≤ d, if for every number R ∈ N + there exists another number S(n) ∈ N and a covering U 0 , . . . U d of X such that diameters of R-components of sets U i are bounded by S. Minimal such d is called the asymptotic dimension of X (if there is no d as above, we say that the dimension is infinite).
If one requires S to be a linear function of R, one obtains the definition of asymptotic Assouad-Nagata dimension and if additionally R ranges over (0, ∞) rather than N + -Assouad-Nagata dimension, which are denoted by asdim AN and dim AN , respectively.
Proof of Theorem 5.3. Consider a sequence of finite index normal subgroups in the free group
· · · such that the box space G i = F 3 /M i does not embed coarsely into the Hilbert space and the box space H i = F 3 /N i does, as obtained in [9] . After passing to a subsequence we can assume Gi Gi−1 ≤ Hi Hi−1 . We also assume that the sequence (a i ) decreases sufficiently fast for the results of [27] to apply (to both box spaces (G i ) and (H i )).
Clearly, the inverse limit Y of the inverse system G 1 ← H 1 ← G 2 ← H 2 ← · · · is the same as the inverse limit of the subsystem of G i 's or the subsystem of H i 's. Let d denote the metric on Y induced from the embedding into G i and d ′ denote the metric on Y induced from the embedding into H i . We denote the images of these embeddings by G and H.
Asymptotic dimension. We will first verify that (tY, d) t>0 has the asymptotic (Assouad-Nagata) dimension 0 (the proof for (tY, d ′ ) t>0 is literally the same). Let R ∈ N + and t > 0. Since we want to prove that the dimension is zero, it must be U 0 = tY . Let j ∈ N be the smallest number such that ta j < R. Then an R-component of tY consists of points t(g i ) with prescribed values of all coordinates g i with i < j. Indeed, if a point t( g i ) lies outside such a set, then, for any t(g i ) from our set we have g i = g i for some i < j and hence d(t( g i ), t(g i )) ≥ ta i ≥ R. Also, two points from an R-component can differ only on coordinates of index at least j, so the diameter of an R-component is ta j < R, and we can put S = R.
Isometric embedding. Now, we will construct an isometric embedding e :
. We will define injective maps e i : G i → H i such that q • e i = e i−1 • q, where q's are the appropriate quotient maps, and hence the product map e i :
Let e 1 be any injective map from G 1 to H 1 (we assume G 0 = H 0 = { * } so our assumption Gi Gi−1 ≤ Hi Hi−1 allows us to do that). Then, e 2 must map any element g 2 ∈ G 2 into the set q −1 (e 1 (q(g 2 )) ). This set has H2 H1 elements and there are
G2 G1
elements in the set q −1 (q(g 2 )) that must be mapped there. The existence of e 2 follows from our assumption on cardinalities and the existence of e -by induction.
Property A and fibred embeddability. Since F 3 is non-amenable, lack of property A follows from [24, Proposition 4.1] (it is formulated in a less general setting, but the proof remains valid in our case; alternatively, one can use [27, Proposition 6.1]). The existence of a fibred coarse embedding was proved in [30, Theorem 3.2 together with Lemma 3.14].
(Non-)embeddability. Embeddability of a warped cone coming from an embeddable box space follows from [27, Theorem 7.4] and the analogous statement for non-embeddability follows from [27, Corollary 7.6].
Asymptotically faithful coverings and piecewise properties
In this section, we introduce piecewise versions of metric invariants, which -for spaces X which cover asymptotically faithfully a sequence of spaces Y i -enables us to characterise properties of X by the piecewise versions of these properties for (Y i ). The bulk of this section is devoted to proving simple lemmas establishing properties of this new notion.
Inspiration comes from the following recent question of Osajda.
Question 6.1 (Osajda [20] ). What are coarse geometric properties of box spaces of groups without property A? Can lack of property A of a group be characterized by coarse geometric properties of its box space?
Osajda explains in [20] that the answer to his question is affirmative by unpublished results of Thibault Pillon. Our result is more general than Osajda's question, apart from property A, it applies for instance to hyperbolicity, asymptotic dimension or coarse embeddability into Banach spaces. In particular, Pillon calls his notion fibred property A, which resembles fibred coarse embeddability of [8] , but our piecewise coarse embeddability is much weaker than fibred coarse embeddability.
While it is theoretically appealing that we can, in particular, characterise many geometric properties of groups by geometric properties of their box spaces (so far, we could do that for "group-theoretic" or "equivariant" properties like amenability [23] or the Haagerup property [7, 8, 23 ] (more generally, property P B [1])), we are mostly interested in applications of this new notion. These are provided, in the case of asymptotic dimension, by a recent result of Yamauchi [37] , which we formulate at the end of this section using the general language developed here. Applications to warped cones are given in the next section.
In what follows, we say that a collection of spaces, say a warped cone (tY, d Γ ) t>0 , has some property P if all the spaces in the collection satisfy property P with a uniform estimate on the respective constants. Examples of properties include hyperbolicity (with a uniform constant δ), coarse embeddability into a Banach space E (with uniform estimates ρ − , ρ + as in Definition 2.2), asymptotic dimension at most k (with a uniform function R → S(R)) or property A (with a uniform function R → S(R), see Definition 6.7). This is in accordance with the language we have been using so far, when we called a family of quasi-isometric maps with uniform constants a quasi-isometry. Such an approach was introduced in order to define finite decomposition complexity in [12] , where such collections are called metric families. This is mainly a matter of a convenient language, as, in particular, for the properties that we will be interested in, a property holds for a box space i Γ/Γ i if and only if it holds for for the metric family (Γ/Γ i ) i . Definition 6.2. Let P be some property of metric spaces (that is, invariant under isometries).
• A family of metric spaces (Y i ) i∈I indexed by a linearly ordered set (I, ≤) has property P piecewise if for every R ∈ N there is j ∈ I such that the sum R Y • Property P is inherited by subsets if for any metric family Y having property P , also the family Y ⊇ = {A | ∃Y ∈ Y : A ⊆ Y } has property P .
• Property P is finitely determined if for any proper and discrete metric space X, the following implication holds: if the metric family
satisfies property P , then X satisfies property P .
• Property P is coarsely invariant if for any metric families (Y i ) and (X i ) and a coarse equivalence (f i : Y i → X i ) the family (Y i ) satisfies property P if and only if (X i ) does.
Clearly, property P implies piecewise property P under the assumption that P is inherited by subsets.
It is well-known that properties like property A, asymptotic dimension at most k or coarse embeddability into some Banach space E are all inherited by subsets and coarsely invariant. Hyperbolicity (with a fixed constant δ) is obviously finitely determined, as it can be defined using Gromov's "four point condition". The fact that coarse embeddability into a fixed Banach space is finitely determined is the main result of [21] . We verify finite determination for property A and asymptotic dimension in Proposition 6.8.
Let us check some basic properties of our definitions.
Lemma 6.3. If P is coarsely invariant and (f i : Y i → X i ) is a coarse equivalence, then (Y i ) has property P piecewise if and only (X i ) does.
Proof. It suffices to show that if (X i ) has property P piecewise, then (Y i ) also does. So assume that (X i ) has property P piecewise. Let R < ∞. For any j ∈ I we can consider the "image" of
is a coarse equivalence, there exists S(R) < ∞ (not depending on j) such that diam B < S(R) for all B ∈ f (Y R j+ ). Now, we know that there is j(S(R)) such that R∈N X S(R) j(S(R))+ satisfies property P and hence the same holds for its subfamily R∈N f (Y R j(S(R))+ ). Since P is a coarse invariant, R∈N Y R j(S(R))+ satisfies property P as well, which finishes the proof.
Clearly, the same can be said about quasi-isometrically invariant properties and quasi-isometric maps and alike for rough isometries (that is, quasi-isometries with multiplicative constant C = 1), also known as almost isometries.
Let us verify that piecewise properties for disjoint sums and sequences are equivalent (even if P itself is not a coarse invariant).
Lemma 6.4. Let (Y i ) be a sequence of bounded metric spaces and P be any property. Then the sequence (Y i ) has piecewise property P if and only if the coarse disjoint sum Y = i Y i has piecewise property P .
Proof. Let us assume that (Y i ) has piecewise property P , that is, for every R ∈ N there is j(R) ∈ N such that the sum R Y R j(R)+ satisfies property P . Let The main motivation for introduction of piecewise properties comes from the following two lemmas that lead to characterisations (see Corollary 6.9 and Proposition 7.4) and, when combined with other results [37] , to some unexpected equalities (see Corollary 6.11 and Theorem 7.1).
Lemma 6.5. If f i : X i → Y i is an asymptotically faithful covering and X = (X i ) satisfies property P which is inherited by subsets, then (Y i ) has property P piecewise.
Proof. Let R ∈ N. By asymptotic faithfulness there exists j(R) ∈ I such that the inverse image of any A ∈ Y R j(R)+ via the appropriate f i consists of its isometric copies. Consider the family U . .
Since U is a subfamily of X ⊇ and property P is inherited by subsets, family U satisfies P . As it consists of copies of elements of Y R j+ , the same is holds for family D.
Lemma 6.6. Let X be a discrete proper metric space, P be finitely determined and f i : X → Y i be an asymptotically faithful covering such that (Y i ) has property P piecewise. Then X has property P .
Proof. Let R ∈ N and let A ⊆ X have diameter bounded by R. By the asymptotic faithfulness there is j(R) ∈ N such that f i : B(x, R) → B(f i (x), R) is an isometry for any x ∈ X and i ≥ j. By piecewise property P we may increase j(R) so that the family {f i (A) | R ∈ N, i ≥ j(R), A ⊆ X and diam A ≤ R} (as a subfamily of R Y R j(R)+ ) satisfies property P . But the above family is isometric to {A | A ⊆ X and diam A < ∞} = X <∞ and hence X has property P by finite determination.
We will use the following definition of property A (cf. [30] ), equivalent to the original one [38] for bounded geometry metric spaces [24] . Definition 6.7. A metric space X has property A for every R ∈ N there is S ∈ N and a map f :
Proposition 6.8. Property A and having asymptotic dimension at most k are finitely determined.
Proof. Let X be a discrete proper metric space.
Assume first that X <∞ has asymptotic dimension at most k. That is, for any R ∈ N there is S ∈ N such that for any A ⊆ X of finite diameter we have sets U Now, consider any non-principal ultrafilter U on N and let f : X → {0, . . . , k} be the limit f (x) = lim n→U f B(z,n) (x) for some fixed z ∈ X. Consider an R-component of f −1 (i). If its diameter is not S-bounded, there must be a pair of points x,
By properties of ultrafilters, there must be (infinitely many) n such that U B(z,n) i contains this sequence, and hence some R-component of U i has diameter more than S, a contradiction.
As for property A, assume that for every R ∈ N there is S ∈ N such that for any A ⊆ X of finite diameter we have maps , . . . ,
, and hence we still know that f
What we have gained is that now the function A → f ′ A (x) can acquire only finitely many values, so we can apply the previous trick -define f : X → Prob(X) by f (x) = lim n→U f ′ B(z,n) (x). By definition f (x) ∈ Prob(B(x, S)) and for any x, x ′ with d(x, x ′ ) ≤ R there is n such that
Hence, we have obtained the following characterisation of metric invariants of a group by metric invariants of its box space. Corollary 6.9. Let P be "hyperbolicity", "property A", "asymptotic dimension at most k" or "coarse embeddability into a Banach space E". Let Γ be a residually finite group with a box space (Γ/Γ i ). Then, Γ has property P if and only if the box space (Γ/Γ i ) has property P piecewise.
The following surprising result was recently obtained by Takamitsu Yamauchi [37] . It was formulated for large girth graphs and without using the language of piecewise properties, but Yamauchi's proof remains valid in this more general setting.
Theorem 6.10 (Yamauchi [37] ). Assume that a family of bounded spaces (X i ) i∈N has piecewise asymptotic dimension at most d and that asdim(X i ) i ≤ n for some n < ∞. Then in fact asdim(X i ) i ≤ d.
Proof. By the assumption, for every m ∈ N there is S m ∈ N such that every X i admits a partition into sets U m i,0 , . . . , U m i,n , whose m-components are S m -bounded. Additionally, for every S ∈ N there is j S ∈ N such that the family of sets X S jS + has asymptotic dimension at most d. We can assume that m → S m and S → j S are strictly increasing.
Let us decompose every set X i into n + 1 subsets V i,0 , . . . , V i,n as follows. For all i < j S1 we put
We will show that for every l ∈ {0, . . . , n} the family (V i,l ) i has asymptotic dimension at most d. Fix one such l and let R ∈ N. For i < j SR we can de- Since every X i is a finite sum n l=0 V i,l (of the fixed length n + 1) and for every l the family (V i,l ) i has asymptotic dimension at most d, by using the finite union theorem for asymptotic dimension [5] we conclude that the family (X i ) has asymptotic dimension at most d.
The following corollary was mentioned by Rufus Willett during his lectures in Southampton in March 2017.
Corollary 6.11 (Yamauchi, Willett) . Let (Γ/Γ i ) be a box space. Then asdim(Γ/Γ i ) is infinite or equals asdim Γ.
Proof. If asdim(Γ/Γ i ) = ∞, there is nothing to prove, so assume that asdim(Γ/Γ i ) is finite. Let k ≤ asdim(Γ/Γ i ) be the minimal number such that (Γ/Γ i ) has asymptotic dimension at most k piecewise. By Corollary 6.9 asdim Γ = k. But now, by Theorem 6.10, we have asdim(Γ/Γ i ) ≤ k.
Piecewise properties and warped cones
In this section we will apply the definitions and results of the previous section to warped cones. The main result is as follows.
Theorem 7.1. Let M be an m-dimensional Riemannian manifold and Γ M be free and isometric. Assume that asdim O Γ M < ∞. Then
Let Y be an ultrametric space with a Lipschitz action Γ Y and assume that
Before proving this, let us consider the following two propositions that gather results on piecewise properties of warped cones. (3) Assume that the action is isometric and E is a Banach space such that E ⊕ E is isomorphic to a subspace of E. Then, clearly, (Γ × OY, d 1 ) embeds coarsely into E if and only if both Γ and OY do.
If the action is additionally free, and the equivalent conditions mentioned in (1), (2) or (3) hold, then the warped cone O Γ Y has, respectively, piecewise property A, piecewise finite asymptotic dimension of piecewise embeds coarsely into E.
Proof. For the "only if" part of (1), (2) and (3) it suffices to observe that Γ and OY embed coarsely into (Γ × OY, d 1 ). For Γ, the map γ → (γ, x) is an isometric embedding for any x ∈ OY . The case of OY is less obvious, but a reasoning similar to that in in the proof of Lemma 2.5 shows that
where L is the Lipschitz constant for the action of generators, so indeed OY ∋ x → (e, x) ∈ (Γ × OY, d 1 ) is a coarse-embedding. The "if" part of assertion (1) is proved in [28] and the "if" part of assertion (3) is straightforward -it sufices to define the coarse embedding f : Γ × OY → E as the sum of coarse embeddings f Γ : Γ → E and f OY : OY → E, namely
(recall that when the action is isometric, then d 1 is the product metric).
To verify the "if" part of assertion (2), we will use the following Hurewicz-type theorem:
Theorem 7.3 (Brodskiy-Dydak-Levin-Mitra [6] ). Let f : X → Z be a large-scale uniform map. Then asdim X ≤ asdim Z + asdim f , where
Here, large-scale uniform (or bornologous in the terminology of J. Roe [23] ) means that there exists a non-decreasing function
. We define f : (Γ × OY, d 1 ) → Γ as the projection onto the first coordinate. Clearly, this is a 1-Lipschitz map. Let A ⊆ Γ have asymptotic dimension equal to 0. That is, for every R ∈ N the diameter of R-components of A is uniformly bounded by some constant D. By definition we have f −1 (A) = A×OY , in particular for two different R-components C, C ′ ⊆ A the distance of f −1 (C) and f −1 (C ′ ) is at least R. Consequently, in order to show that f −1 (A) can be partitioned into d + 1 = asdim OY + 1 sets, whose R-components are uniformly bounded, it suffices to partition every f −1 (C). Hence, fix one R-component C of A and pick γ ∈ C. Using the isometric group action on Γ × OY and the compatible action on Γ by right multiplication, we can assume γ = e. Let U 0 , . . . x) , (e, z)) < R + 2D and consequently, by (9) , d(x, z) < L R+2D (R + 2D). Hence, we conclude that the projection onto OY (given by (η, x) → x) of an R-component of W i is S-bounded. Consequently, any such component must be (S + 2D) bounded. This proves that
The last part of the Proposition is a direct application of Lemma 6.5.
In particular, for reasonable spaces Y and free actions, we have the following equivalences. Where E is a Banach space such that there exists an infinite dimensional space B such that E ⊕ B is isomorphic to a subspace of E.
In fact, only one free orbit is used in the proof of the "if" parts of assertions (1), (2) , and (3).
Proof. The "only if" parts follows from Proposition 7.2 and the fact that finite asymptotic dimension implies property A, which implies coarse embeddability into a Hilbert space [38] . Since levels of the warped cone are compact spaces, we can embed them into finite-dimensional Hilbert spaces as well (with the dimension depending on the level!). As the family of Euclidean spaces (R i ) i embeds bi-Lipschitz into any infinite dimensional Banach space B, we get that OY embeds coarsely into B.
For the "if" part recall from Lemma 2.6 that for y 0 ∈ Y belonging to a free orbit, we have lim d(ty 0 , γty 0 ) = |γ| and in fact the function t → d(ty 0 , γty 0 ) is constant for large t. Hence, every finite subset A of Γ can be isometrically realised as a subset Aty 0 ⊆ tY for sufficiently large t. By further increasing t we may assume that t ≥ j(diam A), where j(diam A) is the appropriate constant from the definition of piecewise property A, piecewise asymptotic dimension or piecewise coarse embeddability into E. Since the considered properties are finitely determined, this ends the proof. 
We will now proceed to the proof of Theorem 7.1, which is a sharper version of the above Corollary 7.5 valid for free isometric actions on manifolds.
Proof of Theorem 7.1. Note that it follows from our assumptions and the proof of Theorem 3.1 that for every R ∈ N there is t 0 such that for t > t 0 any R-ball in (tM, d Γ ) is quasi-isometric (with constants not depending on R) to an R-ball in Γ × R m (in fact one gets a Lipschitz equivalence and the Lipschitz constant can be taken arbitrarily close to 1, but we do not need it here or in Theorem 3.1), and further to an R-ball in Γ × Z m . Consequently, the warped cone has piecewise asymptotic dimension at most asdim Γ×Z n . Then, by the theorem of Yamauchi [37] (Theorem 6.10 above), we have asdim O Γ M ≤ asdim Γ × Z n . But this inequality cannot be strict -this would imply that the asymptotic dimension of the family of balls in Γ × Z n is strictly smaller than the asymptotic dimension of Γ × Z n , which is impossible as asymptotic dimension is finitely determined by Lemma 6.8.
If (Y, d) is an ultrametric space, then for any R > 0 its R-components are R-bounded, whence asdim OY = 0 just as in the proof of Theorem 5.3. By Corollary 7.5 one gets asdim O Γ Y ≤ asdim Γ. The opposite inequality follows from finite determination of the asymptotic dimension (Proposition 6.8) and the fact that Γ embeds isometrically into (Γ × OY, d 1 ), and hence finite subsets of Γ embed isometrically into O Γ Y by Theorem 2.4.
Applications to dynamics and C * -dynamics
The following was obtained by Jianchao Wu and Joachim Zacharias; we use the standard notation in dimension theory, where dim +1 (·) means dim(·) + 1.
Theorem 8.1 (Wu-Zacharias, unpublished). For a free and Lipschitz action Γ Y , we have the following relations between equivariant asymptotic dimension of the action and asymptotic dimension of the warped cone:
where eq-asdim denotes the equivariant asymptotic dimension with respect to the trivial family of subgroups of Γ, namely {{e}}.
In particular, if asdim OY < ∞, then
We do not provide the definition of the equivariant asymptotic dimension of the action (with respect to a family of subgroups F of Γ, denoted F-eq-asdim(Γ Y )), because all that we will use is the above theorem. Instead, we refer the reader to [26] (see also [13, 32] ). We remark that eq-asdim is also called amenability dimension by some authors [32] , especially when F consists only of the trivial subgroup {e} as above. This notion was introduced as a technical condition (without an explicit definition, hence different names used by different authors) in the proof of the Farrell-Jones conjecture for hyperbolic groups by Bartels, Lück, and Reich [4] .
Equivariant asymptotic dimension relates to many other properties like dynamic asymptotic dimension [13] of group actions as well as Rokhlin dimension of C * -dynamical systems and nuclear dimension of C * -algebras [32] . Recall the following result. 
where dim Y is the Lebesgue covering dimension of Y .
The original result [32, Theorem 7.4 with Lemma 8.4] is formulated for the Hirsch length instead of the asymptotic dimension, but they are equal for virtually polycyclic groups (in particular for nilpotent groups) by a classical result of Dranishnikov and Smith [11] .
The following more general result is a special case of [3, Corollary 1.10].
Theorem 8.3 (Bartels [3] ). Let Γ Y be a free action of a virtually nilpotent group Γ on a metrisable space Y of finite covering dimension. Then:
At a seminar lecture in Warsaw in June 2017 Willett posed the following problem.
Problem 8.4 (Willett) . Improve these upper bounds on the equivariant asymptotic dimension.
The following corollary addresses the problem, giving a common bound in the nilpotent and virtually nilpotent case. For 0-dimensional topological systems, this bound becomes an equality. We will need the following lemma. 
where the inner minimum is well-defined and positive by compactness of Y . Define c(c n ) = 2 −n , c(0) = 0 and extend it in an affine way on intervals [c n+1 , c n ]. Note that we have the following inequality of difference quotients:
and so c is a concave and increasing function. Thus, the composition d = c • d 0 is still a metric, that is, it satisfies the triangle inequality (see e.g. [25] ). Note that the action of every generator s ∈ S is 4-Lipschitz with respect to d. Indeed, let y = y ′ ∈ Y , s ∈ S and let n be such that d 0 (sy, sy
and hence d(sy, sy
Our change of metric does not increase the Assouad-Nagata dimension (cf. [25] for the case of asymptotic Assouad-Nagata dimension). Indeed, R-components of subsets of Y with respect to d are the same as c −1 (R)-components with respect to d 0 . For metric d 0 there exists C < ∞ such that for every R ∈ (0, c 0 ] there exist a covering
≤ c n−⌈log 3 C⌉ (formally, one needs to extend the sequence c n by putting c n = c 0 · 3 −n for n < 0; the respective extension of the map c is given by putting c(r) = 1 for r ≥ c 0 ). Coming back to metric d, we have R = c(c
Proof of Corollary 8.5. Consider a metric d from Lemma 8.
By Theorem 8.3 and the assumption that dim Y < ∞, also eq-asdim(Γ Y ) is finite and hence, by Theorem 8.1 item (1) and by inequality (10), asdim(O Γ Y ) is finite, too. By Corollary 7.5 it is at most asdim Γ + asdim OY ≤ asdim Γ + dim Y . We conclude by Theorem 8.1 item (2).
For the second assertion it suffices to additionally observe that in Theorem 8.1, if asdim OY = 0, one gets an equality eq-asdim(Γ Y ) = asdim O Γ Y , and in this case we also have asdim O Γ Y = asdim Γ, which follows from the proof of Theorem 7.1.
• the group Z/qZ admits a decomposition Z/qZ ∼ = i Z/l i Z such that the image of p i in Z/qZ under this isomorphism is a generator of Z/l i Z.
Then, for the action
, with quasi-isometry constants depending only on the dimension m and the quality of approximation K.
Proof. Let us put t = lq and denote the ℓ 1 -metric on
, which is defined as tT 1 with the metric warped with respect to the action Z 
First note that the identity map id : (tT
by Lemma 2.5, and so we get the following inequality (we suppress t in the notation for points in tT 1 as t = lq is fixed):
(the converse estimate has the same proof). Observe that, by the Chinese Remainder Theorem,
We will first check that some metric neighbourhood (depending only on m) of the image of ι is the whole of (T m+1 , D). Note that qβ i ≡ 0 (mod 1) and also r i β j ≡ 0 (mod 1) for i = j, because β j = p ′ j /l j and l j divides r i . Consequently, we have the following formula (11) ι((n i ).z) = (qz, r 1 z + n 1 /l 1 , . . . , r m z + n m /l m ).
Thus, for any ζ ∈ (T 1 , ld) × i (T 1 , l i d), we can find z ∈ T 1 and (n i ) such that ι((n i ).z) has the first coordinate equal to the first coordinate of ζ and the remaining coordinates of ι((n i ).z) and ζ differ by distances at most 1/2.
It remains to check that ι is a bi-Lipschitz map onto its image. Let z, z
Then by the triangle inequality we have
and the first summand can be bounded above as follows
as r j , l j ≤ q ≤ l and t = ql. As for the second summand, using formula (11), one immediately obtains
We have just obtained that ι is Lipschitz:
Note that ι is a group homomorphism and all metrics are translation invariant. Hence, when proving the converse estimate, we can assume z ′ = 0. Let θ ∈ (−1/2q, 1/2q] and n i ∈ (−l i /2, l i /2] ∩ Z be (the unique numbers) such that z ≡ n i β i + θ (mod 1).
We have We will now deduce results A.1 -A.3 from Lemma A.5. For that, we need a bit of number theory.
Given a sequence of integers (a 0 , a 1 , . . .) with a i > 0 for i > 0 one can form a continued fraction This establishes a bijection between irrational numbers and continued fractions. Let us denote by p i ∈ Z and q i ∈ N + the integers such that p i /q i is the ith convergent and q i is minimal. In particular p 0 = a 0 and q 0 = 1. ] have the same "tail", that is, there exists k, l ∈ N such that a k+i = b l+i for all i ∈ N, then the respective warped cones are quasi-isometric [15] . This tail equivalence relation gives a classification of rotation C * -algebras C(T 1 ) ⋊ α Z up to Morita equivalence. Kim asked whether the tail relation also provides the quasi-isometric classification of warped cones (over actions by rotations). In particular, the affirmative answer to her question would imply that each set of angles α giving a quasi-isometric warped cone is countable; note that this is indeed the case for rational angles α, since they form such a set [15] . Theorem A.1 identifies another set of this kind, which can be thought of as another step towards a classification (second step out of infinitely many...). Our result shows that countability does not hold in general, and hence gives a negative answer to Kim's question.
Corollary A.7. There exist uncountably many angles α ∈ (0, 1) yielding the same quasi-isometry type of a warped cone over the rotation by α. In particular, the equivalence relation on (0, 1) given by quasi-isometry of warped cones (over the respective rotations) is strictly coarser than the tail equivalence relation for continued fractions.
The following remark shows that all warped cones over irrational rotations have something in common, even though, by a result of Kim, there are infinitely many quasi-isometry types among them.
Remark A.8. Even when the number α is not restricted, we still have a quasiisometry on a subsequence (q The last point is to observe that (τ T 2 , d r ) is quasi-isometric to (τ S 2 , d) (where d is, say, the standard geodesic metric on S 2 ). This follows from Example 4.11 item (1), and the fact that the quotient of T 2 by the above action is bi-Lipschitz equivalent to S 2 .
For the "only if" part, observe that if ε acts by a rational rotation, then the action factors through a finite group and the respective quotient (see Example 4.11 item (1)) is an interval; no unbounded family of intervals is however quasi-isometric to a family of spheres. When ε acts by an irrational rotation, one can reason similarly as in the proof of Theorem A.1, because the quotient of (T 2 , ad×bd) by the action of r has diameter comparable with the diameter of (T 2 , ad × bd), that is, approximately max(a, b), and the same applies to the invariant v N from the proof of Theorem A.1 (which is approximately ab/N 2 ). However, the v N invariant of the sphere of diameter c is roughly c 2 /N 2 .
Note that the actions in Corollary A.2 are the only interesting isometric actions D ∞ T 1 . If one of the generators acts by a rotation, then the action factors through the finite group Z/2Z × Z/2Z.
Finally, let us prove Proposition A.3. 
